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Abstract

The evolution of a linear disturbance in a laminar boundary layer is described by the three-dimensional Euler equations. The
basic profile is piecewise linear, and is chosen to model favourable and unfavourable pressure gradients as the pressure-gradient
parameterB, increases. Earlier investigation for the case- 0 showed that, at large values of the time, the algebraically-
decaying oscillatory perturbation is confined to a horizontally-expanding region of the boundary layer. The phenomenon is
interpreted as, or resembles, an incipient turbulent spot.

The main contribution of the present work is an investigation of the effe@.ofhere are two quite different outcomes
as|B| increases. On the favourabl8 & 0) side the spot splits into two. The parts at first overlap but then move in tandem
downstream through the boundary layer. The oscillatory perturbation is confined to their interiors. On the @lve®eside
the spot splits into two non-overlapping regions separated by a region in which the disturbance increases exponentially with
time. As B increases still further, the trailing edge of the spot starts to move upstream and the instability is now absolute. Some
comparisons are made, in particular of spot-spread angle, with existing experiments under favourable and adverse pressure
gradients.
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1. Introduction

A prominent feature of turbulent flows such as those in turbo-machinery is the occurrence of spot concentrations of
disturbances in the boundary layer. Experimentally, these are observed to grow with time and often to have a distinctive
arrowhead shape with a calmed trailing-edge region. Practical data of interest include leading and trailing-edge speeds and
spot-spreading angle, in addition to the distribution of the disturbance throughout the various regions of the spot. Many of the
earlier experiments, for example, Schubauer and Klebanoff [1], Wygnanski et al. [2], Sankaran et al. [3], Katz et al. [4], were
for zero or favourable pressure gradient flows. The effects of adverse pressure gradients were studied by Gostelow et al. [5],
Seifert and Wygnanski [6] and van Hest et al. [7], and in Gostelow et al. [8], and D’Ovidio et al. [9,10] the authors studied
the turbulent development of basic flows near and beyond the conditions of laminar separation. The relatively large loading on
compressor and turbine blades tends to produce extensive zones of flow under adverse pressure gradient.

These turbulent flows are complex and are seldom amenable to analytical study. In order to gain some insight into the
development of such disturbance concentrations it has been found worthwhile to examine an analogous phenomenon in laminar
flow. In such a scenario it is anticipated that laminar spots, especially if unstable with growing perturbations, are a feature of a
boundary layer immediately prior to transition (and may also indicate broad characteristics of turbulent spots). There are then
various possibilities for such an investigation. Is it sufficient for the three-dimensional stability analysis to be linear and for
non-parallel effects to be ignored? Should the effects of an adverse pressure gradient be accommodated and is compressibility
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important? An early paper which built on the concept of a spot as the result of the long-time development of an initial disturbance
is that of Doorly and Smith [11]. There a non-linear inviscid model is set-up, but is analysed as an initial-value problem after
linearisation. The long-time disturbances are decaying waves confined to a wedge in the boundary layer bounded by a caustic.
Strictly, the pressure gradient may be adverse, but is not sufficiently large to affect the spot development at leading order. The
caustic itself, in the neighbourhood of which the perturbations are largest, was studied as were the effects of Mach number;
the predicted spreading-angle dependence on Mach number agrees with the later experimental findings of Clark et al. [12]. In
a subsequent paper, Bowles and Smith [13], hereinafter referenced as BS, the authors showed that a linear profile with a slope
discontinuity led to closure of the inviscid spot at both leading and trailing edges, and bore qualitative and some quantitative
comparison to the experiments. In the long wavelength limit the results of Doorly and Smith were obtained. A closed spot,
containing disturbances which increased exponentially with time and travelled in both upstream and downstream directions, is
evident in a study by the present authors (Brown and Smith [14]) of an initial-value problem arising from high Reynolds number
flow over an isolated surface roughness (Savin et al. [15]). An adverse pressure gradient is also a feature of the recent work of
Smith and Timoshin [16] where an inflection point lies close to the wall. In this case the spot develops on two time scales and
contains exponentially-growing perturbations on the long time scale. The study also examines non-linear effects and those of
non-parallelism.

The present study represents an extension of that of BS to include non-zero pressure gradients. A parallel-flow investigation
is made of the linear disturbance evolution when the basic velocity profile is an idealisation of an inflection-point profile in
the situation when the pressure gradient is adverse. There are now (see Fig. 1) two discontinuities in slope, and two governing
parameters. When one of these, the pressure gradient paranelgiined in Section 2, is zero, we have the BS situation (with
certain limitations, see Section 3) and indeed foBak 0, the favourable pressure gradient case, the disturbances are wavelike,
although the resulting spots may be ‘double’ in planform. WiBes O, the adverse situation, there is a bounded linearly
expanding region of exponentially growing perturbations (thus yielding much stronger growth than for the favourable or zero
cases), possibly adjacent to a wavelike region. For a range of valugstbis region of exponentially-growing perturbations
expands in both the upstream and downstream directions.

The plan of the paper is as follows. In Section 2 the piecewise linear profile is described, and the linearised Euler equations
are solved for an initial-value problem. In Section 3 the limits in which the solution reduces to that of BS are discussed, and the
role of the pressure-gradient paramegeis explained. In the favourable case wher: 0, as in Section 4, the BS spot is found
to be modified to one of double form of which examples are given. In each piece of the double spot the disturbances are slowly
decaying waves, with an additional ‘spike’ disturbance that remains even at large times. As in BS there are usually two waves
at any horizontal station in the spot, but in the case of overlap of the double spot there may be more. The asymptotic analysis
here is of stationary phase type as in BS. The situgting 1 is amenable to further analysis and is the subject of Section 5.

If B < 0 the spot splits into the double configurations of Section 4, bBti¥f 0, corresponding to an adverse pressure gradient,

the decaying wavelike disturbances are separated by an almost circular region of exponentially-growing perturbations which,
as B increases, eventually fill the whole spot. F®r> 0, the asymptotic analysis involves evaluating the Fourier integral on
paths through saddle points in a complex plane. This was also a feature of the papers of Brown and Smith [14] and Smith and
Timoshin [16] noted above. In Section 6, the subsidiary paraniéteiefined in Section 2, is taken to besFor illustration,

and spot shapes are presented for various valugs bbth in the favourable and adverse pressure-gradient situations. Many of

Y
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Fig. 1. The piecewise linear profilé(y) for Y = 0.5 and various values a. WhenB = 1.5, 2 there is a region of reversed flow.
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the results are best illustrated graphically. The exponentially-growing perturbations are illustrated, in Section 7, by contour and
three-dimensional plots of the pressure on the wall at a non-dimensional £r@6. These are obtained from direct numerical
integration of the Fourier integral. This section concludes with a part-qualitative and part-quantitative comparison of the spot-
spreading angle as a function of pressure-gradient parameter with the experimental results described by Gostelow et al. [8] and
D’Ovidio et al. [9,10].

Brief conclusions follow in Section 8, where further links with the experiments of Gostelow and co-workers [8-10] and with
some recent ones by Narasimha [17] are noted.

2. Thesolution of thelinearised disturbance equation, given a piecewise linear profile

The equations to be solved for a small perturbation to the prescribed streamwise figfilare the linearised Euler
equations. If(x, y, z) are Cartesian coordinates in the streamwise, normal and spanwise directions,-and {, w) are the
corresponding velocity components, then the equations are

ur +Uuy +vUy = —py, vr + Uvx = —py, wr +Uwy = —pz, uy +vy +w; =0. 1)

In addition, is the time andg the pressure, in non-dimensional form.
The basic profile/ (y) is chosen to model boundary-layer flow along a body situated=ai0, but is yet one for which
Eqg. (1) have an analyzable solution. Thus we take the piecewise linear profile

apy, 0<y <y,
U(y)=4a2y+a3, y1<y<y2 2
ag, y2<y,

since by choice of the constants, in particular the ragiguo, (2) can be regarded as a model for an inflection-point profile
which then, as the pressure gradient becomes increasingly adverse, exhibits flow reversal. Favourable pressure gradients are
also accommodated.

Since the profile in (2) is to be continuous, the constaft® a4 are related by

aiyr=azy1+as,  ag=azyz+a3 (3)
which means thais, a4 may be eliminated. It will be convenient to write

“1/“2=1—B, yl/y2=Y7 (4)

and assume thak andy, are positive, whereupoB andY remain as the two parameters of the problem. For fikedith
0< Y <1, and0O(1) values ofB, the caseB < 0 represents &avourable pressure gradient, anBl > 0 anadverse one. At
B =1 the flow reverses. A representative set of profiles is illustrated in Fig. X 0.5 and various values @. Those with
—1< B <1 are fully attached, but those with= 1.5, 2 exhibit a region of reversed flow near the wall.

The Fourier transforni (o, B, y) is defined by

[ olaNe )
1 . .
VY5 = / / O(a, B, y) expfi(ax + Bz — wr)| da dp ®)
T
—00 —00
with the result that the analogodsw, p may be eliminated from the transforms of Eq. (1) to leaveatisfying Rayleigh’'s
equation

. 2 a2, Uy
_ 7Y )V —0 6
vyy v(oz +h +aU—w> ©)
with
v=0 aty=0anday — cc. )

There are also the requirements thap must be continuous at= y4, y2. From Eq. (1) it follows that

(@? 4 B2)p =ialUyd — (aU — w)idy (8)
which implies that both

v and (w—al)dy+aily 9)

must be continuous at= y1, y».
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The solution of Rayleigh’s equation satisfying (7) is

Ajqsinhyy, O<y<y1,
=1 Azsinhyy+ Bacoshyy, y1 <y <yo, (10)
Azexp—yyl y2<y,

where y2 = o2 + B2. When the constantd 1, Ao, B, A3 are chosen to satisfy the continuity conditions (9), a quadratic
dispersion relation is obtained f&z, related to the frequenay by

w—aas=S2. (11)
This quadratic is
Q%2 4 2 (aagsinhy yp + c€’¥2 + a(ag — ap)e’ 27y sinhy y1) + caaz sinhy yp

+&%ap(ay — ap) sinhy (y2 — yp) sinhy y; =0, (12)

wherea = o/y andc = aaz(y2 — y1).
After solving (12) fors2, and writing, in addition to (4),

a = (R/y2)cosp, B =(R/y2)sing, x =azyntX/2, z=apytZ/2 (13)
we finally obtain that
(ax + Bz —wt)/t = %az{RX cosp + RZsing — G1 2(R) cosp}, (14)

where the two valuesz1(R), G2(R), follow from the two solutions for2. They are defined as

G1.2(R) = B(e RV sinhRY — 2RY) + R(1+ ¥) — e R sinhR + (F(B, R, V))"/?, (15)
where

F(B,R,Y)=(C—R1-Y)+e R sinhR)2 — 4Ce 2R+RY ginhRy (16)
and

C = Be RV sinhRy. 17)

It is our aim in subsequent sections to calculate the evolving pressurepfield, z, ¢), using (10) and the inversion formula
(5), for chosen regions af, y, z) and, in particular, for large values ofind fixedX, Z in (13). For example, the pressure on
the bodyy = 0 is given by

2 l oo o0
p(x,0,z,t) = s / / Fj(a, pyd@x+Bz=w;) dy g, (18)
j=1 —00 —00

where w1, wp correspond to the two values in (12) of, defined by (11). Here'; (¢, 8) = iw;jAj(w;)/y (see (10)) and

F1i(a, B) + Fao(a, B) is the transform of the initial pressure field on= 0, while —iyz(a)l_lFl(a, B) + a)z_le((x, B)) is the
transform of the initial value ofy |,—o which is related to the slip or displacement. Later, for illustration, we shall take

Fi(a. p) = Fa(e, f) = &~ @6, (19)

Subsequently it is going to be important whet#&iB, R, Y) in (16) vanishes in &< R < oo with 0 <Y < 1 and changes
sign. It is clear from (16) tha# > O for these ranges oR andY if B < 0, the favourable pressure gradient situation.
ConsequentlyG4 5 in (15) remain real ang in (18) will remain bounded. I8 > 0, on the other hand, it is possible that
the perturbations increase exponentially. Before embarking on this investigation, which involves a combination of asymptotic
and numerical techniques, we examine the limits in which the results of this section reduce to those of earlier studies, in
particular to those of Doorly and Smith [11] and of BS.
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3. Limiting cases

Examination of the profiles of Fig. 1 leads one to suspect that in the limi¢s0,1 and B = 0, +oo the model flow
considered by BS, in which there is no discontinuity in the profile slope-aty,, is attained. We explain here the sense in
which this statement is correct. We ta&g (R) in (15) to correspond to the positive square roof@B, R, Y) and the limits
listed above respectively lead to

Y=0: G;=2(R-e Rsinhr),

G2 =0, (20)
Y=1. G1=21-B)R, 21)
G2=2(1- B)(R — e RsinhR),
] | 2RY, R < Ro(Y),
B=0: Gi= { 2(R—e RsinhR), R> Ro(Y),
(22)
G | 2R~ ~RsinhR), R < Ro(Y),
27\ 2ry, R > Ro(Y),
B=—o00: Gy1=—2BRY, 23)

Gp=—2B(RY —e kY sinhRY).

In (22), Ro(Y) is defined to be the solution off21—Y) = (1 — e~2R) and is the zero of (0, R, Y). I, for example,Y =0.5,
thenRg=0.796812 If Y « 1, thenRg~ Y, butif Y ~ 1, thenRg ~ %(1 —Yv)~1.1n(21),G1 and G, should be interchanged
if B> 1, andin (23)ifB = +oc.

The dispersion relation of BS corresponds exactlg {an (20) and led to a single spot. A spot of strictly similar shape and
size may be obtained fro, in (21) (by scalingX, Z with 1 — B) and fromG> in (23) (by scalingR with y~1andXx, Z with
—BY). Exactly the same dimension of spot may also be obtained from (22)@itfor R < Rg(Y) andG4 for R > Rg(Y).

In each case, the othér is proportional toR, sayG = XgR for constantXg, and gives a contribution

% exp[— %a%y%((X — X0)2 + ZZ)IZ] (24)
to (18) in the casd (o, B) = Fo(a, B) = e @+6%) The expression (24) represents the movement of the initial Gaussian
disturbance upstream/downstream with constant spgedXg|/2. It decays very rapidly with time except at the paihe X,
Z =0 where it remains as a ‘spike’ of heigftr)~1 in the disturbance. This spike will be evident in some of the numerical
results of Section 4. In addition to the presence of the spike in the limiting solutions, if two limit8, say andB = —oo, are
examined at the same value of the timealthough the spot is the same shape, the perturbations will be different because the
factor—B in (23) implies also a scaling in

It is reasonable to regard the BS solution as describing a zero pressure-gradient case, and fomibke@ < ¥ < 1,
this particular spot shape is attained Bat= —o0, 0, co. Thus it is not possible to regarll as a parameter that increases
monotonically from—oo to co as the pressure gradient increases. However, since the form of the profiles in Fig. 1 suggests
a change of sign of pressure gradientRagcreases through zero, we shall regard, for convenieBee,0 as corresponding
to a zero pressure gradient which, Bsncreases, becomes increasingly adverse, with reversed flBw=at, until B = y—1
when the whole flow is reversed. We also interpret a decreasefm zero as an increasingly favourable pressure gradient,
althoughB has some lower bound for this situation. This point is raised again in Section 7 when qualitative comparison is made
with available experimental data.

4. Double spot shapesfor B < 0 (favourable cases)

In this section we show that, wheh < 0, spots of the BS type, but double, are obtained in the large-time limit. To achieve
this we seek the asymptotic form of the inverse transforms (5) by a double steepest descent technique. From (18), to evaluate
the pressure on the wall for example, we need the sum of two integrals of the form

00 00
i ef(a2+ﬁ2)ei(ax+ﬁszt) do dB, (25)
472

—00 —00
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one for each value ab in (11), (12) with & @+p) representing the effect of an initial condition. The important quantity
in (25) is the second exponential, and we ¥et S cosf, Z = S sind in (14) and define

E(R,S,0,¢9)=RScod0 — ¢) — G(R) COSp (26)

for eachG1 ». To obtain the actual exponent of interest in (25) we must multiplyy iapt/2. Since, as noted in Section 2,
F(B, R,Y) in (15) is non-negative foB < 0, E in (26) is purely real ifR, ¢ are real and so the perturbations are bounded.

To determine the asymptotic form of the integral (25) for largand fixedX, Z we search for saddle points successively,
firstin ¢ by usingd E /d¢ = 0, namely

RSSING — ¢) + G(R) sing =0 (27)
so that
RS sind
tang = S sin (28)

(RScos? — G(R))'
On substitution of (28) into (26} becomes

1/2

E(R, S,0) = £(R?S? — 2RSG cosh + G?) (29)

according askS cos? — G(R)) cosg = 0. The positions of the saddle points are then obtained by solviygi# = 0 with
the result that the values & are given by the equation

52— Scosd(G' + G/R) + GG' /R =0. (30)

In the BS case there were two real valuesRohside the spot, each of which led to a wave-like contribution to (25). We now
have two functions(G1 2(R), so may anticipate two spots. The edge/s of the spot/s will be reached where (30) has a double
root, i.e., where

—Scosd(G” +(G/R)') + (GG'/R) =0 (31)

together with (30).
The length of the spot as measured alongXhkaxis may be examined as follows. Witset equal to zero in (30) it factorises
to give
S=G(R)/R or S=G'(R) (32)
so the maximum and minimum values $#will be given by the maxima and minima @¢(R)/R and G’ (R). First, it may be
shown from (15) to (17) that

G1(R)
R

~2(1-B)Y asR—0,
and

@%Z(l—BY) asR — oo, (33)
the same asymptotes holding ﬁi&(R). Also

Ga(R) _ 2(1— BY)?

R asRkR— 0,
R 1-B

and

GngR) ~2(1—B)Y asR— oo. (34)
Thus if G1 2/R and G/1,2 are monotonic we expect that tli® spot terminates ax = 0 and extends t& =2(1 — B)Y, and

that theG1 spot lies in front of it, i.e., at larger values &, terminating atX = 2(1 — B)Y and extending t&X = 2(1 — BY).

The latter positionX = 2(1— BY), corresponds to the speeg at the outer edge of the profile, the positi&n=2(1 — B)Y to

the speed at the slope discontinuityyat y1, and X = 0 to that at the wall which is at rest (see Fig. 1). The trailing-edge angle
of each part of the composite spot is the same, namerylt(zﬂTl/z) as for the BS spot. This may be shown by lettiRg> 0

in (30), (31) and using (33), (34). Itis found on eliminatiRgthat asR — 0, for the leading spot the shape of its trailing edge
is given by

(X —2(1- B)Y)? =822 (35)
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while for the rear spot with its trailing edge at the origin the BS re¥@lt= 822 holds.

The behaviour 0iG12/R and G/1,2 depends on the values & and Y. Although G1/R and G’l are monotonic for the
values that have been considerét leads to anomalous behaviour. Indeed Yot 0.5, it may be shown that, a& — oo,
G/2 — 2(1— B)Y from above, so that the rear spot will overshabt 2(1 — B)Y (the trailing edge of the leading spot), and
thatifY < 0.5, G/2 may tend to its limit from below but not be monotonic so that there are extra roots (or subspots) inside the
trailing spot. The situations are illustrated in Fig. 2 in which, from the top, are considered the valug(25), (—0.2, 0.25)
and (—0.2,0.75) of the parametersB, Y). In Fig. 2(a) is plotted541 »/R and G’l’2 for the three cases, and in Fig. 2(b) the
double spot shapes obtained by solving (30), (31) successivelyGnvthG 1 » are shown. Sincé < 0, the pressure gradient
of the basic profile is favourable and the flow entirely forward (see Fig. 1). Also, from (13), the coordihaesepresent
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Fig. 2. (From top)B = —0.5, Y = 0.25, thenB = —0.2, Y =0.25 thenB = —-0.2, Y =0.75. (a) G/l 2, G1,2/R. (b) Double spot shapes.

The spots are expanding spanwise and inXhe 0 (downstream) direction. The spot boundaries are obtained by simultaneously solving
(30) and (31) with (15), and separate the regions of oscillatory wall-pressure perturbations from the main body of the fluid where they decay
exponentially.
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velocities; thus the double spots illustrated in Fig. 2(b) have a fixed trailing edge at the origin and a leading edge that has a
forward motion in the positive-direction at the speed of the outer part of the profile. The perturbation spreads spanwise as the
spot expands in the downstream direction. Wiseg —0.5, Y = 0.25 all four functions in Fig. 2(a) are monotonic, and the spot
shape in Fig. 2(b) shows no overlapping or subspots. As predicted, the leading spot extends=$r2125 to X = 0.75, and

the trailing spot fromX = 0.75to X = 0. WhenB = —0.2, Y = 0.25, as shown in Fig. 2(a§G’2 has a maximum and a minimum

with values below its limit aR = co and this leads to the very small subspot visible in Fig. 2(b) at valu&sjo$t less than 0.6.
However, whenB = —0.2, Y = 0.75, the maximum ofG/2 is greater than th& = oo limit and the trailing spot overlaps the
leading one. The closure of spots or subspots is caused by the vanishing of one or oth&¥’of/thees. The leading edge of

the configuration is provided b1 in the limit R — oo, and is of parabolic form with a logarithmic modification similar to

that in BS namely

) B 1
72 (X) X)/In(XL_X>, (36)

whereX; =2(1— BY). Ifthere is no overlap or subspot (as = —0.5, Y = 0.25 in Fig. 2) the trailing spot also has leading
edge of the form (36), wittkk; =2(1 — B)Y. Closures which are caused by the vanishing?gfat finite R, sayR = pg (as in
the other examples in Fig. 2), are purely parabolic in the limit with

72~ (Gy— X)(Gy — Go/po), (37)

whereGo = G2(pg), Gy = G5(po)-

We conclude this section by plotting in Fig. 3 the lines of constant wall pressure corresponding to the spot shapes illustrated
in Fig. 2. Also shown are three-dimensional plots of the perturbation. The computations were carried out using the results of
the double saddle-point argument of this section. For ged the real positive values dt that satisfy (30) are calculated (in
general just two for each functiati(R)), and the integrals (25) are written in the polar coordinates defined by (13). The values
of ¢ corresponding to the real values Bfare obtained from (28). It is then necessary to evaluate the sum

= > Re cof LE + Zsgna(1+sgnd (38)
7t 2= jea —p2i2 SO 2" T S9Nl

taken over both function§ (R) and corresponding pair®(¢) obtained from (30) and (28) witlp| < 7 /2. HereE is defined
by (26) andu, b, ¢, d by

1 1
a:—EG”(R)CO&p, b=E(Ssin(9—<p)+G’(R)sin(p), c=—=E, d=ca—b? (39)

and we have takemy = yo = 1. The expression (38) is equivalent to (4.1) of BS.

Fig. 3 is concerned with = 20 and the same values B8fandY as in Fig. 2, namelyB, Y) = (—0.5,0.25), (-0.2,0.25),
(—0.2,0.75) in order from the top. In Fig. 3(a) the double spot appears to have a gapRvhen0.5, Y = 0.25 but this is only
because the perturbation right at the leading edge of the trailing spot is very small. However in the corresponding illustration
in Fig. 3(b), which is a view from the rear, the magnitude of the perturbation in the neighbourhood of the protuberance is
roughly seven times the maximum perturbation elsewhere. ViBhen-0.2, Y = 0.25 there is a subspot generated®y. The
magnitude of the perturbation in this subspot, shown from the front in Fig. 3(b), is about ten times that at the spot perimeter. In
addition, whenB = —0.2, Y = 0.75, the maximum perturbation occurs in the overlap region and otherwise there is very little in
the small leading spot. The lowest diagram in Fig. 3(b) is a view from the front for this last case, and shows that the maximum
perturbation is almost fifteen times that elsewhere.

The value ofB = —0.2 with ¥ = 0.25,0.75 in Fig. 3 was chosen to illustrate the occurrence of a subspot and an overlap.
However, the relatively small value ef B, namely 02, means that the solution is fairly near the BS lirfit= 0. In this limit,
as noted in Section 3, the pressure contours are the same as theirs farialkQlL but with the addition of a ‘spike’ of height
(47)~1 at the pointX = 2Y, Z = 0 which corresponds to the speed of the point of slope discontinuity=a;. In Fig. 3(b)
this spike is clearly seen, although its height is overestimated by the asymptotic form (38) which predicts strictly unbounded
perturbations at the caustic. In the illustrations at the top of Fig. 3, where ndither Y is particularly close to a BS limit,
the largest perturbations are somewhat distributed over the trailing smaller spot. For illustration, we also include Fig. 4 for
B =-10"56, ¥ = 0.5 andr = 20 which is very close to the limit. In Fig. 4(a) the contours shown are essentially identical to
those of BS, the circle containing the additional roots which are to be discussed in the following section, and the location of the
spike, atX = 2Y = 1 (Fig. 4(b)) being clearly visible. If Fig. 4(a) is repeated with= 1076 the results are indistinguishable
graphically: in particular, the circles are identical, although, as shown below, wWhet® the perturbation within it actually
increases exponentially with time.
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Fig. 3. (From top)B = —0.5, Y = 0.25, thenB = —0.2, Y = 0.25, thenB = —0.2, Y = 0.75 as in Fig. 2 and = 20. (a) Contour lines for the
wall pressure. (b) The wall-pressure distribution (timgs The top is a view from the rear of the configuration and the others are views from
the front (i.e., respectively, frori¥f < 0 andX > 0 in (a)).

5. Theadverseffavourable pressure gradient divide

The adverse and favourable pressure gradient situations corresponding to the profiles in Fig. 1 are divided by the value
B = 0. In this limit, it is clear from (22) thadf;/1 , are discontinuous & = Ro(Y) whereRq(Y) satisfies
2Ro(1—Y)=1—¢e 2FRo (40)

and is the zero of (0, R, Y) in (16). Indeed,G} jumps up from 2 to 2(1 — e~2Ro(™)) and G/, makes the same jump
downwards. We write this jump asA2so that

A=1-Y —e 2Ro, (41)
which may be shown to be positive on use of (40), and for convenience define
r=1+y—e 2R, (42)
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(@) (b)

Fig. 4. B = —107%, Yy = 0.5 andr = 20. (a) Contour lines for the wall pressure. (b) A view from the rear of the spot. The wall pressure
perturbation is Pfx. This illustrates the BS limit a8 — 0~ together with the residual “spike.”

If Egs. (30) and (31) for the spot boundary are solved \@ith= 2(R — e~ & sinhR) for R < Ry(Y) and the curve is drawn
in the X Z-plane, this curve is the trailing-edge portion of the BS spot. Similarly the leading-edge portion is obtained by using
G1=2(R—e RsinhR) for R > Ry(Y). The easiest way to find these curves numerically is to refaad a parameter along
the curve and use (31) to determiiig(= S cost) and then (30) to determing(= S sind). The two portions together form the
BS spot and the curve at the juncti®y(Y) is continuous and differentiable.

We now show that aiB| increases from zero, the circle visible in Fig. 4(a) forms inside this BS spot, with radius and centre
depending orY, in which extra roots of Eq. (30) for the saddle points appear. FoBtheO limit of BS, there are two roots
at each interior point, either two witR < Rg(Y) or two with R > Rg(Y) or one of each. However, as soon|& becomes
greater than zero two extra roots appear inside the circle.4f0 the new roots are real and the BS single spot starts to form a
double spot initially of the overlapping type discussed in Section 4. HowevBri0, the adverse situation, the result is quite
dramatic as the extra roots are now complex, and the original spot now splits into two pieces in which the perturbations remain
oscillatory but separated by a small region in which the disturbance grows exponentially with tilBéné&®ases, the size of
the region, initially circular, also increases.

Before illustrating the situation numerically with a chosen vatue 0.5, we show how this circle containing the additional
roots arises. The arguments ®r= 0 are similar so we first takB — 0, then note the differences f& — ot.

5.1. The additional roots as B decreases from zero

In the limit B — 0, F(B, R,Y) in (16) vanishes ak = Ry(Y) and to smooth out the discontinuity '(Fl’l , described by
(40), (41) we write ’

R—Ro(Y) = (-B)Y?T (43)
asB — 0~ . Thus

F(B,R,Y)~ (=B)A%(T? +.2), (44)
whereA is defined in (41) and

32— e—2(1—Y)R0(1 _ e—2YR0)2/A2. (45)
If the termO(R — Rp) in (15) is retained it follows that

G1.2~2RoY + I'(=B)Y2T + (—B)Y2A(T? + 22)Y? (46)
with the final term being the contribution from'/2 for G1,2, respectively. From (46) we therefore have

AT
(T2 4 AZ) 1/2
so that, as required

Gl~T+ (47)

Gi,~I'FA asT - —oco and G| ,~I'+A asT — +oo. (48)
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If (45) and (46) are now substituted into (30), the equation for the position of the saddle point/sBiaig function ofS
andé, it becomes

AT AT
2 _— _—_— =
S — Scosv <2Y +I+ v K2)1/2) + 2Y<F + R A2)1/2> 0. (49)
From (49), on rearranging, we obtain
AT ~ -
i(szL)»z)l/z =B/A, (50)
whereA and B are defined by
- ~ AN 2 A2
A=Scosh —2Y =X —2Y, B=5?—Scos#(2Y +TI)+2¥YI = (x— <F—E>) +ZZ_T' (51)
From (50) it follows that
22B?
2__ M5 (52)
A2A2 _ B2
which yields real saddle points in the neighbourhoo®ef Ry if the denominator in (52) is positive. This condition is
(X = (I = 2))?+ 23 (A42 = (x =2 = 7%) > 0 (53)
and is satisfied inside the circle
(X -2+ 272= 42, (54)

where alsod > 0 since the diameter of the circle on theaxis is fromI” — A(=2Y) to I" + A.
The solutions of (50) may now be written as
1B
T = i?, 55
(A2A2 — B2)1/2 (55)
where the positive sign yields the saddle point correspondirigytcand the negative sign yields that corresponding o

5.2. The additional roots as B increases from zero

The argument leading to additional roots in the same circle as given by (54) follows Bs<£d, but now the extra roots
are complex. The definition fdf in (43) is replaced by

R—Ro(Y) = BY?T (56)
so that

F(B,R,Y)~ BA?(T? -)2) (57)
with A again given by (45). Eq. (46) is replaced by

G1.2~2RoY + I'BY2T + BY2A(12 - 32)1/2, (58)
and (47) by

. AT
In Eq. (49),2.2 must be replaced by12 and (50), (52) are now
232
AT =B/A, T? B (60)

i(Tz_)»z)l/z T A2i2_pg2
The roots we seek now are complex, for if they exist there is a possibility of an exponential contribution to the integrals of the
form (18) at large values of the time. Thus again we reg¥ir& to lie inside the circle defined by (54) and
irB
T = i?. 61
(AZAZ_BZ)l/Z (61)
The cut/s in theT -plane for the function 72 — 22)1/2 may be taken as we please. SinGe, Go occur symmetrically
in the solution (18) with (19), i.e., they may be interchanged in any rangR wfithout altering (18), the final answer is
unaltered. To achieve the discontinuities in (48)&s— oo we may cut fromi to A — ico and from— to —A + ico and take
(T? = 22)Y2~|T| as|T| — oo along the real axis; then on the imaginary ai$ ¢ 22)1/2 is pure imaginary.
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5.3. lllustration of the additional rootsinthecase Y = 0.5

The theory of the preceding subsections is illustrated here in the particular cése 0/5. WhenB = 0~, the additional
roots in the circle defined by (54) are real and positive and are thus on the path of integration of (25) in the polar co-ordinates
R, ¢. Thus all that is required is numerical confirmation of their existence, and a demonstration of their effect on the development
of the spot. However, whe® = 0T, these roots are in the compldplane and it is necessary to consider the validity of
deforming the path of integration through these saddle points. Since it is exponentially large contributions to (25) that are of
interest, we examine those saddle points (61) which lead to a positive real paririr{29), and plot the lines in the complex
T-plane on which ré E) is constant to ensure that there is an acceptable pathfrem-1 to 7 = A through the saddle point.
This path must lie in the valleys, and on it{iE) must take values less than that at the saddle point. For the contribution from
G1(R), for example, the curve through the saddle point that divides hills from valleys is

refi(T52 — Scosd(T @I — A) + A(T2 = 22)Y?) 42y (TT + A(T2 - 32)Y/?)))
=1(A242 - B)1/? (62)

for values ofX, Z inside the circle (54). Confirmation of an acceptable path has been made¥nhel5 for a selection
of values ofX, Z although the results are not presented here. Additional confirmation is provided by direct evaluation of the
Fourier integrals (25) described in Section 7.

In Fig. 5 we illustrate the breaking of the BS spot|&s increases from zero for the valde= 0.5. For Y = 0.5, Rg =
0.796812,A = Ry — 0.5, I' = Rg + 0.5 and the circle (54) has centreXat= 1.296812 and radius.296812. The circle can be
seen clearly in both diagrams which are obtained by seeking the equal root curves defined by (30), (31). The circle is where the
extra roots (over those of the= 0 case) become equal. In Fig. 5(a), whBre- —0.0001, there are two real roots, and thus two
waves given byG in the region outside the circle and nearer the leading edge, two givéh lry the trailing region and four
waves inside the circle (two from each@f andG»). In Fig. 5(b), whereB = 0.0001, F(B, R,Y) <0 for 0.785< R < 0.809
and the two pieces of the BS spot have separated. In the piece nearer the leading edge there are still two waves given by
and in that nearer the trailing edge there are two givesbyln the roughly circular piece between, the perturbation increases
exponentially with time, as a result of the complex saddle points through which the path of integration is deformable. The region
is bounded above and below, as well as laterally by the circle, and in the following section the missing piece of boundary is
determined.

6. Spot shapesfor Y = 0.5 and various values of the pressure gradient parameter B

The spot shape wheB = 0 is that of BS and differs very little from that in Fig. 5(a). Asdecreases and the pressure
gradient becomes favourable, the double-spot shape becomes evident and the overlap gradually disappears. For illustration, two
further negative values a8 are shown in Fig. 6. For 8 B > —0.175 the leading hump of the spot is fractionally wider, at
B =—-0.175 as in Fig. 6(a), the two humps are of the same width, but wheeaches-5.0, as in Fig. 6(b) the rear hump is
dominant and is well on its way to the BS limit againBs> —oo. The crescent-shaped spot on the axi¥ at 2(1 — B)Y in
Fig. 6(a) is a consequence of the overshoot of the trailing spot from its position prediciee-lag. This point is also the site,
in the limit B — 0, of the ‘spike’ perturbation noted in Section 3.

As B increases from zero and the pressure gradient becomes adverse, the spot splits into two distinct pieces containing
oscillatory contributions to the disturbance, but separated by an initially circular region in which the perturbation increases

X

Fig. 5. The favourable/adverse pressure gradient divide ¥vith0.5. (a) B = —0.0001, and the near circle containing the additional real roots.
The spot is becoming double with an overlap region.Kb} 0.0001 and the near circle containing the complex roots. The regions containing
waves are separated by one containing exponentially large wall-pressure perturbations. The closed curves are obtained as in Fig. 2(b).

(@) (b)
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Fig. 6. The double spots whah= 0.5. (a) B = —0.175, and the two pieces are of the same width. g3 —5.0, and the BS limit aB = —oo
is being approached. The closed curves are obtained as in Fig. 2(b) and wall-pressure perturbations are oscillatory in the interiors.

exponentially with time. The split is illustrated foB = 0.0001 in Fig. 5(b). There is a boundary that separates this region from
the general body of the fluid in which the perturbation is decaying exponentially. This boundary is determined by finding the
curve for which Eg. (30) (the saddle-point condition) holds, together with the requiremerE iha29) is real. The latter is
equivalent to requiring that

im(R?S? — 2RSG cosd + G?) =0 (63a)
and
re(R%S% — 2RSG cosh + G2) > 0. (63b)

To obtain the curve, the value of was specified, and that &f estimated. Eq. (30) was then solved for the appropriate
(complex) values oR, and thenZ was determined by fixed point iteration on (63a) with= x2 4 72, Eq. (63b) was used
as a check. With a reasonably accurate first guesg fand R the procedure worked well and results are shown in Fig. 7. In
Fig. 7(a),B = 0.1 and there is little left of the leading oscillatory region (see mention of Gostelow’s bow-wave in Sections 7
and 8), and in Fig. 7(b), wherB = 1.0, the spot is completely unstable and is almost circular. It is at this valuietbht the
basic flow is about to reverse. In Fig. 7(c), wih= 1.5, flow reversal has occurred, the disturbance travels both upstream and
downstream and the flow has become absolutely unstable. The final diagram, Fig. 7@)-Has = 2.0 at which value of
B the mainstream is about to reverse. Now the disturbance is spreading in the upstream direction only. Higher Balnes of
this model eventually lead t8 = co and the BS limit again. Hence Fig. 7(d) is regarded as the final illustration of interest in
the present context.

In the following section we present pressure profiles for the valuésfof which the spot shapes are shown in Fig. 7. Also,
similarities are noted between the laminar spots described here, and turbulent spots observed experimentally in a boundary layer
undergoing transition.

7. Theexponentially growing perturbations

The perturbations to the pressure and velocity components grow exponentially inside part of the spot boundary for
0 < B <1, and inside all of it for XK B < 2. In Fig. 8 we illustrate this by contour and three-dimensional plot¥fer0.5,
t =20 andB =0.1,1.0,1.5 and 20, respectively, for which the spot outlines are shown in Fig. 7. The quantity showtfis 4
times the pressure on the wall and is calculated by direct numerical evaluation of the inverse Fourier transforms in (25) written
in terms of the coordinates defined by (13) and with the exponent given by (14). This approach is in contrast to that employed
to produce Fig. 3 for values & < 0 where the asymptotic expansion (38) was employed. For valuBs-00, the asymptotic
analysis is invaluable for predicting the splitting of the spdtBisncreases from zero, and for establishing the outline. However,
to use it for general values &f, Z it is necessary to solve (30) for the complex saddle pgiand then to evaluatg in (29) at
this value ofR. SinceG1 7 involve both exponential functions and a square root, there are many branch points in the complex
R-plane, and many solutions to (30). Also the correct rootAdn (29) must be selected and finally it should be verified that
the path of integration may be deformed from the Radxis to pass through the saddle point. For small values tfis was
carried out, as described in Section 5, but for larger 0 it was felt that the chance of switching to an unwanted root of (30),
or to a wrong square root, was too great. Thus, apart from a comparison between the two approaches for representative values
of X, Z and B, carried out for checking purposes, the integrals in (25) were evaluated directly.

Although the contour and three-dimensional plots of Fig. 8 are obtained by evaluation of the full integeal®@tit is clear
the spot shapes and properties of Fig. 7 as predicted by the large-time asymptotic analysis are being attained. Each exponentially
growing perturbation to the wall pressure is very different from the decaying oscillations for the negative vatussowfn in
Fig. 3. They are however, except in magnitude, very similar to each other. In each case the maximum perturbation occurs on the



734 SN. Brown, F.T. Smith / European Journal of Mechanics B/Fluids 21 (2002) 721-738

zZ
0.4
0.2
Z
0.4F e X
0.2 0.4 0.6 0.8 1
0.2 : i
\ \\ -0.2f
N x
25 0.5 0.7/5/ 1 1.25 1.5 1.75//
-0.2} . -0.4
0.4l e
— —
(@ (b)
Z
0
/ 4
s 0.2 T 0.3
0.1 yd )

0.4 -0.2 0.2 0.4 ;
-0.1 ' - -0.8 -0.6 -0.4 -0.2
. 5, -0.1
T -0.2 \_/’
-0.2
-0 g
-0.3
- —Pp -

(© (d)

Fig. 7. Spot shapes when= 0.5. (a) B = 0.1 showing the leading and trailing edge oscillatory regions separated by the region in which the
perturbations are exponentially large. ®)= 1.0, and the flow is about to reverse. The perturbations increase exponentially inside the whole
boundary. (c)B = 1.5. The exponentially large perturbations now travel in batdirections. (d)B = 2.0 and the disturbances travel in the
negativeX -direction only. In (a) the closed curves with heavy lines are obtained as in Fig. 2(b). All other curves are obtained by solving (30)
and (63a) with (15), and bound regions of exponentially-growing wall-pressure perturbations.

axis, in contrast to the small adverse pressure-gradient situation of Smith and Timoshin [16] where it moves away from the axis
at some distance from the leading edge BAE 0.1, the asymptotic expansion predicts a limiting spot extension<0f0< 1.9

and half-width 0418 as shown in Fig. 7. In the limit— oo, decaying oscillatory regions remain in the neighbourhood of the
leading and trailing edges, reminiscent of the bow waves observed by Gostelow et al. [8] although, of course, their experiments
were for the development of a turbulent spot. The maximum pressure perturbation in Fig. 8 for tiie-e&se (top left) is

5.9/472 and occurs at about 50% chord. The circular shape of the region of greatest perturbation predicted in Section 5 in the
limit B — 0T is still evident at this value oB, and is well established at this moderate value.a/hen B = 1, top right in

Fig. 8, the flow is just about to reverse and the profile in Fig. 1 is zero fory® < 1. The limiting spot extension isQ X <1

and has half-width @93 as shown in Fig. 7(b). The spot outline itself is almost circular and contains two distinct concentrations
of exponentially growing perturbations. The maximum pressure perturbationﬁE/Zilr2 occurring at about 57% chord.
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Fig. 8. (a) Wall pressure contours whee= 20, Y = 0.5 with B =0.1, 10 (top row) andB = 1.5, 20 (bottom row). (b) The corresponding
wall pressures (timesm@). The spot shapes are shown in Fig. 7.

For B = 1.5, lower left in Fig. 8, the perturbations are travelling both upstream and downstream and the spot is expanding
in both directions. The limiting extension is0.5 < X < 0.5 with maximum half-width 0.359 as in Fig. 7(c). Wheg= 20, as
shown here, the maximum value of the perturbation isa,/Zan at 44% chord. Now the inner part of the boundary layer is fully
reversed and the flow is absolutely unstable. In their study of the stability of separation bubbles, Hammond and Redekopp [18]
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Fig. 9. The spot spreading half-angle in degrees as a function of the pressure gradient paraBetdrgnY = 0.5. Continuous lines—present
results. Discrete points—experimental results quoted in [8,10].

have demonstrated the possibility of global instability, and the experimental results of Gostelow and co-workers [8—10] clearly
show waves moving both upstream and downstream. The present study supports these predictions.

In Fig. 8, whenB = 2.0 (lower right) the mainstream itself is about to reverse with the inner part of the flow becoming a jet
in what was formerly the upstream direction. Now the perturbations travel upstream only. The limiting extensich I < 0
with half-width 0.314 as in Fig. 7(d) and although the entire profile contains exponentially growing perturbations they are not
so large; the maximum value is1%/4x2 at about 32% chord. In addition, the circle evident in the lower right contour plot of
Fig. 8(a) shows that the featuresBt= oo are being approached. In this limit, as explained in Section 3, the BS spot is obtained
and indeed it may be shown that, Bslecreases from infinity, the BS type spot develops an exponentially growing perturbation
in a circular region. The analysis is similar to that of section 5 fer B << 1, but is not presented here, as it requires either
B — oo for fixed Y which results in a completely reversed mainstreamBes oo with Y — 0, neither of which cases is
strictly relevant to the situation here.

The plot in Fig. 9 is an attempt at an analogue of Fig. 6 of D’Ovidio et al. [10] (see also Fig. 9 of Gostelow et al. [8]). These
figures present a compilation of spot-spreading half-angles as a function of pressure gradient parameter. The pressure-gradient
parametet.y is related to the parameter in the Falkner—Skan profiles while we have used our parBmeléch is positive
for adverse gradients and negative for favourable ones. We have assumed a linear relation between the two parameters with
B =0 corresponding tay = 0 and zero pressure gradient, aBa= 1 to Ay = —0.09, the laminar separation value proposed
by Curle and Skan [19]. This enables the experimental values for the spreading angles quoted in [8,10] to be plotted on our
graph. Our ordinate in Fig. 9 is also in degrees and the continuous curve is the andl& tan, whereZ is the maximum
half-width of the spot andX is the position where it occurs. Two curves are shown(feB) > 0 since in this range each
portion of the curve has a maximum width (see Fig. 2(b) for example). The lower, decaying curve corresponds to the leading
spot, and the higher, almost constant, curve to the trailing spot. ko¢-0B) < 0.175 the larger of the maximum widths is
attained by the leading spot, and fer B) > 0.175 by the trailing spot (see Fig. 6 where the two widths are equal). When
(—B) =0.175, the angle defined by the larger of these maxima jumps discontinuously from the lower to the higher curve. The
available experimental values lie well in the lower (leading spot) curve, a possible explanation being that at these values of the
pressure gradient the perturbation corresponding to our leading spot is dominant in the experimenB). Asoo the trailing
spot attains the zero pressure-gradient form of BS and the leading spot disappears. However, in a limitedxathgere$ults
clearly permit qualitative comparison with those of Gostelow et al. At the adverse/favourable divide we have approxirhately 13
versus experimental values of around Ihile at laminar separatiot-B) = —1 we predict a rather too large 4stead of
the experimental value of about@0rhere is agreement in the conclusion that the spreading angle increases strongly as adverse
pressure gradients become more intense. The superficial comparison is encouraging but of course we are attempting to compare
a turbulent experiment with a theoretical study of a perhaps highly idealised laminar flow.

8. Further comments

The linear theory of inviscid three-dimensional disturbances works in the sense that the ‘spot’ that develops has well-defined
boundaries, giving apparently physically sensible spot shapes for the disturbances evolving from an initial-value problem. The
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cases of an adverse pressure gradient studied here are distinct from the favourable cases also addressed herein, and the previous
case of zero gradient in BS, mainly because the adverse ones yield an exponentially growing response, which mirrors the
implicit existence of inflection points in the underlying motion. There is thus a substantial change in character and this shows
itself in the different typical spot shapes and spread rates.

Comparisons with experiments are made somewhat tentatively here of course, due to the turbulent nature in most of the
experiments and the laminar flow basis in the theory. Nevertheless there are three points of at least qualitative compatibility
in pressure-gradient boundary-layer spots which add to the agreements on spread rate and compressibility effects in the zero-
gradient case noted in the introduction. The first is on bow waves as described earlier in connection with Fig. 7(a) and observed
by Gostelow et al. The second is on the spreading half angle, in Fig. 9 over a wide range of pressure gradient conditions. The
third is on Narasimha’s [17] experimental findings of a distinct change in the spot spread rate and related characteristics as a
boundary layer progresses through a zone of increasingly adverse pressure-gradient. The change is predominantly an abrupt
increase in spread rate, helpfully termed a ‘subtransition’ by Narasimha, and it accords with the present findings. The theory
overall provides some support, if not an alternative, to the experimental observations which likewise have large typical Reynolds
numbers.

The spot shapes are also of concern. In the favourable-gradient case it would be interesting for the sake of modelling to
know whether, for the double spots in Figs. 2—6, each separate spot is related to one of the boundary conditions at the two
assumed junctionsq, y», or not. Such spot-splitting however could well be a feature peculiar to the present model with its
non-smooth basic velocity profile. Noting that strictly the separate spots are joined together by a connecting line, we could
expect a smooth velocity profile to yield a somewhat smoothed-out version of the planforms of Figs. 2—6. Indeed, it would be
of interest theoretically to discover not only whether any double spot can occur under a realistic smooth velocity profile in the
favourable-gradient case, but also whether an abrupt increase in spread rate is common for adverse pressure-gradients when
the basic velocity profile is smooth. The adverse-gradient case is touched on qualitatively in the comparisons of the previous
paragraph, but for the favourable-gradient case, our comments earlier in the present paragraph suggest that direct comparisons
would be premature with the relatively few experimental or empirical results on actual spot-planform shapes in detail.

Concerning further study, the initiation of the spots is also of interest. Initiation in practice is usually by forcing at the wall or
external to the boundary layer as in the wake-passing phenomenon, and Smith and Timoshin [16] show a direct analogy between
the two in their context of flow with a near-wall inflection point. It would be interesting to extend that aspect of initiation to
the present setting. Likewise of further concern are the influences of nonlinearity, nonparallelism and compressibility. In the
case of nonlinearity Smith and Timoshin’s study points to an explanation of the calmed region (again see Section 1), which
has practical significance for relaminarisation of the flow behind a spot and which would be interesting to pursue in the present
context.
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